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Moment Inequalities for the Boltzmann Equation and
Applications to Spatially Homogeneous Problems

A. V. Bobylev' 2
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Some inequalities for the Boltzmann collision integral are proved. These
inequalities can be considered as a generalization of the well-known Povzner
inequality. The inequalities are used to obtain estimates of moments of the solu-
tion to the spatially homogeneous Boltzmann equation for a wide class of inter-
molecular forces. We obtain simple necessary and sufficient conditions (on the
potential) for the uniform boundedness of all moments. For potentials with
compact support the following statement is proved: if all moments of the initial
distribution function are bounded by the corresponding moments of the
Maxwellian 4 exp(— Bv?), then all moments of the solution are bounded by the
corresponding moments of the other Maxwellian 4, exp[ — B () v*] for any
t>0; moreover B(t)=const for hard spheres. An estimate for a collision
frequency is also obtained.
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1. INTRODUCTION

The Boltzmann equation differs from other classical nonlinear equations of
mathematical physics by its complexity. A fivefold collision integral makes
it very difficult to evaluate the right hand side of the equation even for a
simple non-equilibrium distribution function.

The only exceptional case is the case of so-called Maxwell molecules,
for which we can at least calculate in closed form all moments of the
collision integral. This simplification gives an opportunity to reduce the
spatially homogeneous Boltzmann equation for Maxwell molecules to an
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1184 Bobylev

infinite, but recurrently solvable, set of ODE’s for moments of the distribu-
tion function. This moment system of ODE’s makes it possible to apply dif-
ferent analytical methods and to study in detail properties of solutions.!"

However, the Maxwell model plays for the Boltzmann equation (at
least in the spatially homogeneous case) almost the same role as equations
with constant coefficients in the general theory of PDE. Analytical methods
become much less efficient if we try to apply them to other molecular
models (for example, to hard spheres). At the same time one can make
precise calculations with the Boltzmann equation by using modern com-
puters. Therefore in the theory of this equation we need mostly qualitative
results which can be expressed by inequalities. A simple idea to generalize
some methods, which were previously used for Maxwellian molecules, is to
derive from the Boltzmann equation a set of differential inequalities for
moments and then to study this set. Apparently the first step in this
direction was made recently by Wennberg® from another viewpoint. He
constructed a uniform upper bound for all moments of a spatially
homogeneous solution in the case of hard potentials with angular cut-off
(see also an important previous result of Desvillettes®). We use some ideas
of ref. 2 (the Povzner-type inequality and estimate of the loss term by
Hélder’s inequality) in the present paper.

The paper is organized as follows. In Sections2-4 some useful
inequalities for moments of the Boltzmann collision integral for arbitrary
intermolecular potentials are derived. To be more precise, we evaluate in
Section 2 the integral of the Boltzmann collision operator for any convex
function of energy and obtain a very simple estimate for hard spheres. In
Section 2 we generalize this result to the case of arbitrary intermolecular
forces. The main result of this part is formulated (Theorem 1) and dis-
cussed in Section 4. We note that these inequalities for the collision integral
can be useful for different problems. However, we consider their applica-
tions only to the spatially homogeneous case. First, in Section 5 we
generalize the above mentioned Wennberg’s estimate to a very wide class
of intermolecular forces including potentials with infinite radius of action.
Simple necessary and sufficient conditions for the uniform boundedness of
moments are proved in this Section (Theorem 2). In Sections 6-7 we con-
sider solutions with Maxwellian tails. The main results of these Sections are
formulated in Theorem 3 (hard spheres) and Theorem 4 (potentials with
compact support). Roughly speaking, we prove the following fact: if all
moments of the initial condition are bounded by moments of the
Maxwellian A exp( — Bv?), then all time-dependent moments of the solution
are bounded by moments of the other Maxwellian A4, exp(— B, v?). This
result is proved with B, = const for hard spheres and with B, =const.¢™*
for an arbitrary potential with compact support.
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2. FIRST INEQUALITY

Let f(v, 1) be a time dependent distribution function in the velocity
space, ve R?, t>0. We consider the spatially homogeneous Boltzmann
equation

i
a—{: If, f) =jR$xsz dw dn ug (u, Eu'—'> {fOV) fw) = fv) fiw)} - (1)

where

iv+w+um), w=3(v+w—un)

u=v—w, u=|u,n=1 V

The function g(u, cos 0) is a differential cross section, 0 <8<z In
particular,

2

g(u, cos 6) =dZ=const (2)

for hard spheres with diameter d,
g(u, cos 0) =u* g (cos 0) (3)

for particles interacting with power-like potential U(r) =constr ™", s > 1.
For any isotropic test function y(v?), we put

W = 0) = [ dvf(v, 0 $(o?) (4)
It follows from (1) that
d
& Cu> = DU = [ dvdw /) fw) udLY ], ()

where we omitted the irrelevant argument ¢ The linear operator A4 is
defined by

AT = [ dng (50 ) LUG) + ) 90D 9] (6)

Our goal in this and next Sections is to establish some upper and
lower bounds for A[y]. It is well known that a simple and very useful
inequality for

A =P(v'?) +P(w'?) —P(0?) — P (w?) (7)
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with Y(x) =z” was first obtained, by Povzner.¥ One can find a derivation
and applications of this inequality in a more recent treatise.”*’ Povzner’s
inequality was improved by Elmroth® and recently by Wennberg,® who
used it successfully to obtain some important estimates for moments of
solutions of the Boltzmann equation (see Section 5 for details).

A simple idea of a further improvement of the Povzner-type
inequalities is to estimate not the quantity (7), but its average A[y/] (6).
To do it let us consider an explicit form of the integral (6) in spherical
coordinates with a polar axis directed along vector u=v—w. We denote

un
v=1v, w=lwl, s=1-(vwww)’, p=— (®)
U
and notice that
v'?=3(0> +w? +u|v+ w| cos f)
w'?=3(v>+ w2+ u |v+w| cos f) (9)

W |v+wlr= (02 +w")! —4(vw)?

where 0 < f <7 denotes the angle between vectors n and (v+w). In our
coordinate system, integral (6) reads

ALY =[ dugto ) [ gLy () +¥w™) —h?) —hw)] (10)

where v'2 and w'? are defined by (9) with

u(v+w)
cos B=pp,+/1—p>/1—picos g, p=—-—=

T ul|v+w|

Noting that

u(v+w)=v>—w?  u|v+w cos f=u(v>—w?)+2ow. /1 —pu’scos @

we obtain from (9)

o UP+W 2 2 , Ui 4w
V= (tuuet /11" /1 —pgscos g),  v°= 5 (1+p)

L, VW o 5 , Ui 4w’
wh=—3 (1—ppo—/1—p* /1 —pgscosp), w'= 7 (T —uo)

v —w?
UZ+W2

Ho
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Formulas (10)—(11) give an explicit representation of the integral
A[Y]. Now one can easily prove the following estimates.

Lemma 2.1. If y(z) is a convex function, then

A_[Y]<Aly]<4.[y], (12)

where

A_[¥] =j01 d b(u, x){ Y[ x> + (1 — x) w?]

+YLow? + (1 —x) 2] = Y(v*) — (W)},
b(u, x)=4ng(u, 1 —2x), u=|v—w|, (13)

U2+W2

A1=[ | m]

1)2+W2 2n
o[ 0] v —p) [ dp et cos ),
02— w2
cos y=,u/10+\/1—/12 \/l—lléCOS @, ﬂo=vz+w2 (14)
Proof. We set in (11)
l)2+W2

v'?’=B, +Cscosp, w?=B_—Cscosep, B, (14 ppe)

2
02+ w? 5 5 >
C= 3 JS1=p* /1 —us, s=./1—(vw/vw)

and consider the inner integral in (9)

K= [ gLy + $(w™) = 9(e?) g}

as a function of 0 <s < 1. For a proof of (12)-(14), it is sufficient to prove
that K(0) < K(s) < K(1) for any convex function y(z). First we consider the
integral

Ki9) =] oLy~ = dpLY(B, + Cscos )~ p(v2)].
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An elementary transformation yields

v dr 5
K\(s)=2 fo \/1———_? [¥(B, + Cst) + (B, — Cst) =2y (v*)].
For a smooth function y(z) we obtain
0K I dr , ,
5 CL ﬁ[lp (B, +Cst)—y'(B, — Cs1)]20,  (15)

since C> 0 and ¢"(z) >0 for any convex function. For the general case we
can use the fact that the convex function (z) has almost everywhere a
monotonically nondecreasing derivative '(z) (see, for example, ref. 7).
Therefore the equality (15) proves that K,(0) < K (s) < K(1). Repeating the
same considerations for

Kolo) = [ doLw )~y

one can conclude that

K(0) < K(s) = Ky(s) + Kx(s) < K(1),

Ko=2n {w{” W

> (1 +ﬂ/‘0)}

v? + w?

| (=) | v g

v 4 w?

K(1)=f02”d(p {lﬁ 2 (1 +cos y)}

v? 4+ w?

| S5 (1 —eos )| =y -,

where p, and cos y are defined in (14). Substituting the inner integral in
(10) by K(0) and changing variables to x = (1 —u)/2, we just obtain the
lower estimate (13). Then we substitute K(1) into (10) and use a symmetry
property

1

27 1 27
J ] do Fiw) Facosy)= [ du[ " dp Falu) Fi(cos )
—1 0 —1 0

which is obviously valid for any —1 < ;<1 in (14). It results in the upper
estimate (14) and completes the proof.



Moment Inequalities for Boltzmann Equation 1189

As an example of estimates (12)~(14) we consider the case of hard
spheres (2). Then

A= | 2 [ )~ 9y
(16)

242

2 2 v
A [Y1=nd [UZWL

dz () — Y (o?) —¢<w2>}

If Y(z) =z", n=2, 3,..., then we obtain the following simple inequality

2rd* "2 ., 2rnd* "2 (n
{n— k)<A 2n 2n 2n < 2k, ,2(n—k)
it i, 2 vw [v ]+ o (v +w?) < "+1k2—1<k>v w -

which demonstrates the accuracy of our estimates.

Thus inequalities (12)—(14) are sufficiently simple and convenient
for the case of isotropic scattering, ie. for g(u, cos §)= g(u). The most
important upper bound 4[] (14) is still too complicated in general
case. Therefore it is desirable to simplify the integral (14) and to
obtain approximate formulas similar to (16) for the case of non-isotropic
scattering. We consider this problem in Section 3.

3. SECOND INEQUALITY

To study the integral (14) we fix v and w and simplify notations by
omitting all irrelevant arguments v2 w2, u = |v —w|. Then we rewrite (14)
as a function of u, = (v> — w?)/(v? + w?)

A =Fu)=] [ dpatcos NLOG— D] (18)

2 2

¢(m=w{” w<1+u)}+w[ (l—u)]
cos y=ppo+~/1—p>/1—pgcos g,  g(cosy)=g(u,cosy) (19)

(the tilde being omitted below).
The integral (18) is just the one speed collision operator, and its
properties are well-known from linear transport theory.®® In particular, for

v 4+ w?

o0

2 1
2= L @Rl a=pms | e dw) P, (20)

822/88/5-6-13
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we obtain

Fluog)=— Y, 8,a,Pr10), g,=2n L dug(u)[1—P, ()] (21)

where P, (u) are Legendre’s polynomials (note that &(u) in (18) is always
even function).

Remark. To prove (21), it is sufficient to substitute (20) into (18)
and use the addition theorem for P, (u).
If g = const, then (18) can be written as

Flug)=F(1)+a[P(1)— D(uy) ], o =4ng = const. (22)
This formula is convenient for an even convex function @(u) since @(0) <

@(1) and F(1)<0. Let us try to estimate the difference [ F(u,) — F(1)] in
the general case. Using the expansion (20) we obtain

Fluo) —F(1)= ) g,a,[1—Py,(u0)]. (23)
n=1
Suppose that ¢, >0 for all n=1, 2,... and
1
o=2n | duglw)<oo; (24)
-1

then all terms in (23) are non-negative (| P, (1) <1) and

Flpo) = F(1) <l g [P(1) = P(uo) ], [l gl = sup g, < 20. (25)

The condition (24) is not valid for long range potentials. However in
this case one can easily estimate (23) for a polynomial case

N
ds(/u)z Z anP2n(,u)9 anZO'

n=0

Then

Fluo) = F(1) <l gnll [D(1) — D(10) ], lgnll= jmax g, (26)

XA
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Thus we do obtain simple expressions (25), (26) for upper bounds of
(19) provided that all coefficients a,, in (20) are non-negative. Let us check
this condition for the most important case Y(z) =z?(p>1) in (18). Then

(ref. 9, p. 837)
S SORET

16(v% 4+ w?)? 1 2p4l 5
an_—m—jo dx x?P+1P, (1—2x%)
_ 8(v’ +w?)” [I(p+1)1? 27)
S @n+ 1) M(p+2n+2)(p+1-2n)
so that a sign of a, is defined by
F(p-l'l) 2n—1 [r] | 2n—1
T oS (p—k)= (p—k)p (=1t (k—p),
I(p+1-2n) kl;[O kl;[0 k=[l_[p]+1

where [ p] denotes an integer part of p (the second formula makes sense
only for p <2n—1). Hence, the condition a, >0 is fulfilled for = z? if (1)
p=2,3,. is an integer number or (2) 2m+1<p<2m+2 for certain
integer m>0. The coefficients a, are negative if 2m<p<2m+1 and
2n>p+1.

If coefficients a,, are partly negative, we set

Pu)=P ., (W) =P () =%"a,P, (1) = 2" |a,| Py, 1) (28)

where the sum >'(3})") is taken over such n>1, that a,>0 (a,<0). We
also assume that o < o0 and

1<i= sup M@o, D(u) < D(1), (29)
Lu<

—1 1 D(1)— D)
then the sum (23) can be estimated by
Fluog)—F(1) <o ), a,[1—Po(ug)1+ 1181l X la,| [1~Paluo)l,

n=1 n=1

A

12l

1
=sup 27rf ldu g(u) Po,(p)|.
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Noting that

Y, a,[1=Po(p)]=2(1) — P(u),

n=1

Y lad [1=Po ()] =2[® (1) - D, (u)] — [H(1) — B(u)]
n=1
<2A-D[o(1)—D(n)],
we obtain

Fuo) —F(1)<[o+(24—-1) [Z11[D(1) — P(uo) ]-

Collecting some inequalities, of this Section we can formulate the following
lemma.

Lemma 3.1. Let the function F(u,) be defined by (18), g(u) =0.
(i 1If

W)=Y a,Polp) >0 | dugl(l—p)<eo,  (30)

n=1

then
Flug) <P+ Ll 9(1) ~ P(ug)
G
vl = max {2n [ dugol1 - Po] .

(i) If
el 1

o= aPy) T lal<o;  o=2n[ dugw<e, (32)
n=1 -

n=1 =

and the conditions (29) are fulfilled, then
Fluo)) SF(1) + [o+(2A=1) [Z1TL (1) — D(po) ], (33)

where 1 is defined by (29), and

22 duglu) Pl <o (34

€1l =sup
nzl
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Corollary. Ifin (18)

1 P/l —y\P
¢=qbp(;¢)=<%> +<—2-’i> p>1 (35)

and ¢ < o0, then there exists a number 4 > 1 such that
F,(po) SF,(1)+240[ D,(1) — B,(10) ] (36)

simultaneously for all p > 1. Moreover, this inequality with 4 =1 is valid
for all p satisfying the condition 2m+ 1< p<2m+2 with some integer
m 20 (in particular, for all integers p=2,...).

Proof. According to (27), the condition 2m + 1 < p <2m + 2 guaran-
tees that all 4, >0 and therefore A =1 in (33). Using the inequality (34), we
Jjust obtain (36) with A=1. If 2m< p<2m+ 1(m=1,..), then A= A(p) in
(29) and (33). What we need is to prove that there exists 4 =sup,., A(p).
Towards this end, we note that 4,<0 in (26) only for sufficiently large
n>(p+1)/2. Therefore @S (u)—> P, (u) for p—> oo (we define @, (u)
similarly to (28)) and A(p) — 1 since @ ,(u) is sufficiently smooth at z=1.
This completes the proof.

One more simple inequality for F{u,) (18) can be obtained for any
convex function &(u). We rewrite (18) as

Fluo) = fl dﬂg(ﬂ)f dp[ P(cos y) — Puo)] (37)

and then estimate the inner integral

fo do{ D(upo+ /1 —p* /1 —pgcos @) — D(po)}
2n{ D(upto+ /1 =1 /1 =13) + Dlupto — /1 —p* /1 — 1) — 2o}

(38)

by using convexity arguments similarly to the proof of Lemma 1. Noting
that u, = (v> — w?)/(v> +w?), we obtain

+1-4*/1-uf] = F \/IT
o £/ 1—p2 /1—u2]= /l—j F

and formulate the resulting inequality in terms of the function y(v?).
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Lemma 3.2. For any convex function y(x) the following estimate
of 4[] (14) is valid

4, [¥]1< Lm do G(6){¥(v cos 8+ w sin 8)*]

+ Y (wcos § —vsin 6)*] —yY(v?) —Y(w?)}, (40)
where
G(0) =2z sin 20] g(u, cos 20) + g(u, —cos 26)].

Proof. We estimate (37) by the inequality (38), then substitute @(u)
by y(z) (19) and use formulas (39). Putting # =cos 20 in (37) we obtain
the final result (40).

Remark. This lemma shows that one can use the simple Kac equa-
tion to estimate integrals {5) for a convex function y(z). Moreover it is
possible to use (40) for a simplified proof of Lemma 3.1 (with a convex
function @(u)!) by replacing P,,(cos 8) by cos 2n0.

However we seek more general results without convexity.

4. ESTIMATES FOR MOMENTS OF THE COLLISION TERM

It is convenient to put together some relevant estimates from Sec-
tions 2-3 and formulate the result in terms of equalities (4)—(6). We assume
that A[y] is defined by the equality (6), g(u, #) >0, and

eOu) = 2m j dut g, w)(1 — 1) < 0. (41)

We also assume that (z) has a continuous derivative ¥'(z), z=0, to
guarantee a convergence of the integral (6) for long range potentials. Then
the following theorem is valid.

Theorem 1.

(i) If y(z) is a convex function, then

A[Y¥] >J01 dx b(u, x){Y[ xv* + (1 —x) w?]

+YLxw? + (1 —x) 0*] = (v*) =P (w?)},
b(u, xy=2ng(u, 1 —2x), u=|v—w, (42)
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A[y] Sj:/z d0 G(u, 0){y[ (v cos 6+ w sin 6)*]

+y[vsin 8 —wcos 0)*] —y(v’) — Y(w?)},
G(u, 6) =2x sin 20[ g(u, cos 28) + g(u, —cos 26)]. (43)

(i) If y(z) is a convex function and

jl)d#\[/[zlﬂz

5 }PZ,,(‘u)ZO, n=1,. z>0, (44)

then

ALY < g, [ (0 +w?) +(0) =Y (v?) — ¢ (w?)]

~2n [ dugtu ) W+ 0 0O =y | ()|
2 2
| a-wl), (45)

g gutw=sup {g, =20 | duglu 1= Poi0)}ln=1.i,>0}
(i) If y(z)=z” and
a=27rf1 du g(u, p) < o0, (46)

then there exists a number 4> 1 such that for all p>1

A[v?P] < = A, (v + WP + 240[ (0* + w?)P — v — w?P], (47)
1 1 2 1—pu\2
A=A (u)=2n L dut g(u, 1) { 1 —(—;’f> —<—2ﬁ> ] (48)

this inequality with 4 =1 being valid for all p such that 2m—1< p<2m
for a certain integer m=1, 2,....

Proof. Inequalities (42) and (43) are taken from Lemma 2.1 and
Lemma 3.2. The inequality (45) was proven in Lemma 3.1. Moment
estimates (47) can be easily obtained by substitution (z)==z" into
(18)—(19) and using the inequality (36). This completes the proof.

Remark. If g(u, 1) does not depend on u (isotropic scattering), then
(47) is valid even with 4 =1/2. In this special case it is more convenient to
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use directly Lemma 2.1 with simple formulas (16), where d = d{u) for “soft
spheres.”

In order to apply the theorem to the Boltzmann Eq. (1) with long
range potentials we consider (45) with y(z) =z", m=1,2,.... Then

A[Z"]1 <€ g LW+ w?)" =" —w? ] — A, (0> + W)™ (49)
where A, is defined by (48),

ga(w)= max {2 [ duguwl1-Po01)}

Il<sn<m

Putting
1 —PZn(ﬂ)}
B, = max sup —————», 50
i lsnsm {Osyzl 1-—/12 ( )
we obviously obtain g () < B,,c7(u) (41).
Moreover
A1) 2 Ar(u) =36D(u), p =2, (51)

since 04,/0p >0. Therefore we obtain from (49) a simple estimate

A[*"] < 2o D(u) (2B, [(07 +w)" — o> —w™ ] — (0 + WD), m=2,3,..
(52)

where B,, (50) depends only on the number m. It is clear that B, >
B,=3/2.
On the other hand, it follows from (42) that

m—1
m
A[Uzm]Z Z <k> [UZkWZ(m—k)+w2ku2(m-k)_l)2m__w2m]
k=1

1
xj dx g(u, x) x5(1 — x)"—*,
0
Let v >w, then
m—1 2k 2m — k)
2m _2m m - E _ _M_}
a2 ()-G) ()]
1
XJ dx b(u, x) x*(1 —x)"—*
4]

> ——uz’"jl dx b(u, x)[1 —x" — (1 —x)™].
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Using the elementary inequality
m-—2

1-x"—(1—x)"=x(1-x) Y [x"+(1-x)*1<2(m—1)x(1—x)
k=0

and definition (42) of b(u, x), we obtain a lower bound

m—1

A[v*™) > — o' P(u) max(v®", w?), m=1,. (53)

Using (52), (53) one can easily prove the following statement.

Corollary 1. Moments (5) of the Boltzmann collision integral (1)
satisfy inequalities

n—1

D(f1v™) > "

j dv dw f(v) F(W) us®(u) v*" (54)
D(f|*) < —(2" ' —1)(2B,—1) j dv dw f(v) f(w) ug®(u) wo> !

—% j dvdw f(v) (W) us®(u) v*", u=|v—w|, n=2,3,.,
(55)

where 6'?(u) and B, are defined in (41) and (50).

Proof. 1t is sufficient to substitute (52) and (53) into (5) and use
elementary inequalities

max(x, y)<x+y

n—1
(x+y)n_xn_yn= z <Z> xkyn~k

k=1

Sz(zn—l_ 1)(x1/2yn—1/2+ y1/2xn—1/2)

x=20, y=20, n=223,.

Estimates (54) (55) are especially convenient for long range potentials
since the cross-section ¢'®(u) is always finite (otherwise the integral over
unit sphere (6) diverges even for differentiable function y(z)). However
these estimates can be improved in the case of potentials with finite radius
of action. In this case a total cross section (46) is finite and we can apply
the inequality (47) and obtain the following result.
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Corollary 2. If the condition (46) is fulfilled, then for any p,>1
and for all p = p,

D(flvzf”)s/lafdv dw f(5) f(w) ul (0> +w?)? — v — w??]

—%fdvdwf(v)f(w)ulpo(u)(vz+w2)", u=|v—wl, (56)

where 4> 1 and 4, (u) <o are defined in Theorem 1 (iii).

Proof. We substitute (47) into (5) and use the fact that A (u) (48) is
a monotone function of p> 1.

Inequalities (54)—(56) will be used below to estimate moments of the
distribution function f{(v, t).

5. MOMENTS OF THE SOLUTION

We consider the Boltzmann equation (1) with initial condition

flt=0=£uw), [dvf)=1, [dvodfov)=Eo, Ho=[dvfi()In fo()
(57)

and assume that there exists a solution f(v, t) of the Cauchy problem (1),
satisfying conservation laws and H-theorem (see ref. 5 for a review of
existence theorems):

[dvf(v, =1, fdvf(v, 1) v? = E,, jdvf(v, Hin f(v, 1) <H,.  (58)
Moreover we assume formally that all integer moments of the solution
m, (1) = j dv fiv, ) v, n=1,2,. (59)

are finite. Our aim is to estimate upper and lower bounds of m, (). This
problem was recently considered by Wennberg'® (see also the previous
paper of Desvillettes”) who obtained such estimates for hard spheres and
power-line potentials with angular cut-off. Wennberg’s results are based on
his version of the Povzner inequality for Ay/(z) (7). Using the stronger
inequality (55) and following the same ideas, one can easily generalize the
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results of ref 2 to a very wide class of intermolecular potentials. To be
more precise we assume that

c;w SucP(u) < e u+tcy (60)

for certain ¢; , ;>0 and O <y <1.

Theorem 2. If 6®(u) (41) satisfies the condition (60), then all
moments (59) of the solution f{(v, t) of the Cauchy problem (1), (57) satisfy
inequalities

m () <m¥[l—e W] pn=23,.. (61)

where the constants m}, 1, depend only on n, Ey,, Hy, 7y, ¢y .3 If

uo?(u) < c,, then

n—1
2

m,(t) =2 m,{0) exp [ — c3t] , n=1,.. (62)

Remark. Inequalities similar to (61) were first obtained by
Wennberg® for a special case

glu, 1) = uPh(n), j_l duhlp) <o, 0<p<l.

He aiso noted that they are not valid for pseudo-Maxwell molecules
(B=1).
Proof. Noting that (5)

dm,(t) o
L)~ p(f10%) (63)

and using the lower estimate (54) we immediately obtain the second
inequality (62). To prove (61) we merely repeat Wennberg’s arguments.*
First we apply Arkeryd’s result'”

[ awfow, 0y lv=w"> 403, B, Hy) o7 (64)
to a negative term in (55) and obtain

fdvdw f(v,t) flw, ) us@(u) w>c,q J dv f(v, t) v? 7, (65)
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Then we note that
[ av f(v, 00> +7 > [m, 0]+ (66)

because of the Holder inequality and the normalization condition m(¢) =1
(58).

To estimate a positive term in (55) we note that w<1+w?
v~ 1< 14v* and u<1 +v+w. Therefore

[avaw fiv,0) fiw, O ezut e3] o~ < (e3+ 36201+ Eg)[1+m,(0)].
(67)

Substituting (65)—(67) into (55) and (63) we obtain a differential
inequality

dm,

dt

€A4,(l+m,)~Dml"  p=2.. (68)

with
A,=(2""' = 1)2B,— 1)(c3+ 3c,)(1 + Ep), D=jciq.

A substitution

1) = [ y <27” Dt)] o (69)

results in the inequality

dy
ca 1 121, =— =" 7
dt+ay[ + 7] b . a D (70)

One can easily prove (see Lemma 6.3 in Section 6 for details) that
W)= yu(l—e™ ™), (71)
where y, is a unique positive root of algebraic equation ay,(1+ y%)=1.

Hence, the moments (65) satisfy inequalities (61) with A,=4,, m*
(y,) ™" This completes the proof.

no
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Conditions (60) have a clear physical meaning. If ¢(u) (41) is finite,
then the upper bound in (60) is almost trivial. This condition is fulfilled for
any physically relevant intermolecular potential U(r), where r > 0 denotes
a distance between two particles. Under some natural restrictions on the
potential U(r), the lower bound in (60) is equivalent to an asymptotic
inequality

cPwyzciu®f, u-co, B=1—y>0
If U(r) > oo as r— 0, then, roughly speaking, we obtain for u — o

2
' (u) ~ const ri(u), Ulry) = ’i:—

where m is the mass of a particle, and r, is a minimal distance between two
particles with given relative energy T = mu?/4. Assuming that
o

U(r)z-r— r—0, (72)

we obtain

4o
Fo X <——2 , 6'?(u) ~ const u=*s, u— 0.
mu

Hence, the first condition in (60) with y=1—4/s> 0 is fulfilled for a
wide class of potentials with asymptotic behaviour (72), where s> 4. In the
opposite case s <4 the inequalities (62) are valid.

If the potential U(r) has a hard core, i.e. U(r) > o as r - d,,;, then
particles with large relative speed u — co interact like hard spheres with
diameter d,,;,. Therefore y=1 in (60) for this case,

Thus we proved for a wide class of intermolecular potentials U(r)
(including power-like potentials (3) for s >4 without cut-off and potentials
with compact support satisfying conditions (60)) that all moments of the
solution to the Boltzmann equation (1) are uniformly bounded for all ¢ > 0.
This result is mainly interesting for slowly decreasing (with |v| — oo) initial
conditions with finite number of moments at 7=0.

However such initial conditions are not typical for applications of
the Boltzmann equation. Usually we have a distribution function with the
Maxwellian tail and need to estimate a possible growth of the tail. The
above obtained estimates (61) are too rough for this problem. Therefore we
shall construct some more precise estimates in Section 6 for a special case
of hard spheres.
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6. SOLUTIONS WITH MAXWELLIAN TAILS

We consider the Boltzmann equation (1) for hard spheres (2) with the
initial condition (57). Our goal in this Section is to prove the following
theorem.

Theorem 3. If
j v fo(v) In f,(v) < o0, j dv fio(v) " < o0 (73)
for a certain >0, then there exists 0 <8, <6, such that for all >0
F(0,,1)= dv f(v, 1) " < co. (74)

Proof. First we note that

F(z2) =jdvf(v) e = y —Z—nm,,, mnzfdvf(v) v,

!
n=90 n

Therefore F(z) is an analytic function for |z| < R, where

1/n
R~!=lim sup <%> (75)

To prove the theorem it is sufficient to estimate the moments m,(¢) of
the solution by inequality

m()<Qm)yan!,  [Qm)]">1,

for certain a > 0, provided that (73)
) 0 1/n
hmsup[m;—(')} =ay<f .

All necessary estimates are given below in Lemmas 6.1-6.4 provided
that all moments m,(¢) of integer and half-integer orders p=1, 3/2, 2,.. are
continuously differentiable functions of te R™*.

Lemma 6.1. The moments

m (1) = f dv f(v, ) 0%, p=3/2,2,5/2, .. (76)
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satisfy the following set of inequalities:

ldmn< 2 "il n
o di Sntl = \k) M- d

k=1

n—1 1+1/2n _ .
n+1m” , n=1,2,3,.; (77)

Ldm,, 4 "in
—-—2t=g 2 m m,  — MM, 1p+mm,
o dt 2n+3 Z k k+1/2 k i/2 +1/2 1

k=1
2n—1
—q—2n+3mli}§‘22”+‘), g=q(1, E,, Hyo, n=1,23,.;

(78)
where ¢(1, E,, H,) is defined in (64).

Proof. The above obtained inequality (12), (16) for hard spheres
results in

dt

Q=

dm, 1 j dvdw f(v, t) f(w, 1) {v—wl|
p+1

+
x {[(vz—l—wz)z”—vz"—wz”] —%(p— (v + wzl’)}
—Sr—S,, p>l (79)

Using Carleman’s estimate (64) with y =1 for the collision frequency
and Hoélder’s inequality (66), we obtain

p—1 rp—1
p_+TmP+1/2>q— e

S, = ,
P q p+1 P

(30)

that is just the negative term in (77)—(78). To get the positive term in (77)
it is sufficient to use a trivial estimate |v—w| <v+w in (79) for p =n. The
positive term in (78) follows from inequalities

|V—Wl [02+w2)n+l/2_02n+]___w2n+1]
n—1 n
<(v+w) {(vz+w2)'/2 Y < >vz"w2‘"’°)
k=1 k
+UZn[(02+w2)l/2_U]+w2n[(02+w2)1/2_w]}

n—1 n
2P +w?) Y, <k> v*w R 4 (v 4+ w)[ 0w + w].
k=1

This completes the proof.
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We assume that my(¢)=1,m(t)=FE,=const. The first (n=1)
Eq. (78) includes m, (). To eliminate this quantity one can use an obvious
inequality

ml/le[“mo‘i‘%] (81)

with appropriate « > 0.
Let us change variables in (77), (78) putting

my(t)=AI(p+1/2)a*z (1), t=A4o./at, p=1/3/2,2,. (82)

with certain positive constants 4 and a. Moreover we estimate m,,, by the
inequality (81) with a =a'?; then

ml/z(t)séal/z[l+AF(3/2)zl], AI"(3/2)21=%. (83)

Thus we obtain the following set of inequalities for z,(7):

dz, 2 "} <n> I'k+1)Mn—k+1/2)

< n—
dr n+1k§1 k T(n+1/2) Zer12Zn—k
—1
—g e AT I T 1/2)] R (2,) (84)

Zyrip 4 [ ”‘1<n>F(k+3/2)F(n—k+1/2)

< 2 .
d S 2n+t3 ,El k T(n+172) ZerZnk

Ir(32) Mn+1/2) 1
Tn+1) len+‘2‘(A 1"'1—'(3/2)21)Zn+1/2
2n—1 @n+1) 4—(1—1/(2n+ 1) 1+ 1/(2n+1)
—q2n+3[F(n+l)] A Zni1) , h=2,.

(85)

The inequalities can be simplified by using some estimates for the gamma-
function.
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Lemma 6.2. It follows from (84), (85) that

dz,
——A (1—1/2m) ;1 +1/2n 86
dT l<ken—1 n— k) 3 n ’ ( )
dz, n
AZnyip
- <2n(1-6,_y) max (zx,(Z, ) +7212,
I<k<n—1 5
1 E, q
- Lo 9 -y ) 1+ 1 2n+ 1) _
+2A<1+a Znr1p2 5A s, n=1,.

(87)
Proof. We note that (ref. 9)

I(x) Iy)

I(z+1)=2zI(z), Tt y)

1
— B(x, y)=j0 dss*~'(1 =)7L,

Therefore

2 ”i1<n Ik+1)In—k+1/2)

n+1 =, k> I(n+1/2)
_2a(n+32) "
“(n+1)r(n+1/2)k§1
_2n+1
T+l

2n+3 , 7 \k T(n+1)
8I(n+12) n—1
mk21< >B(k+3/2 n—k+1/2)

(n+1)
2n+3

<Z> Blk+1,n—k+1/2)

1
j dss P[] —s"—(1—s)] <4
0

fd s2(1—5)" "2 [1=s"— (1 —s5)"] <4B(3/2,1)2)=2=

This gives the above estimates (86) and (87) for sums in (84) and (85).
To complete the proof we estimate other terms in (84) and (85) by some
obvious inequalities: I'(p+1/2)=1 for p=3/2,(n—1)/(n+1)=1/3 for
n>=2 and

ArG3/2) rin+1/2) __ = <" 1
(2n+3)I(n+1) 2n+3 =5 2m4375

for n>1. Lemma 6.2 is shown,

822/88/5-6-14
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We note that inequalities (86) and (87) are valid for any positive A
and a. The next step is to choose A4 and a in such a way that the inequality
z,(1)<1, p=1,3/2,2,., holds for all >0 if it is fulfilled for z=0. First we
restrict a by the condition

a> E,max(24 — 1, AT(3)2)), (88)
then
E, 1/ E,
0 <1, —(1+2%)<1
A= garop St <1+ a) . (89)

Let us now combine (86) and (87) and consider simplified inequalities

dz
—(1— 1
—ESFP(ZI,..., Zp71/2)+ZP—A.A ( a")Zp+aV

dr
A=q/3, 0‘;;:1/217, F,.,=8 max (z;z, ;,p), (90)

P 1<k<[p]

F3/2=7Z/5, p=3/2, 2, 5/2,....

A solution of differential inequalities (90) can be estimated by the following
lemma.

Lemma 6.3. If x(¢) satisfies the inequality

d
£<B+x—cx'+l/‘1, (91)

with certain positive constants B, C, g, then
x(t) <max[x(0), x ], (92)
where x, is a unique positive root of the algebraic equation
B+x,=Cx "', (93)
moreover

x(t)€x [1—e ], ﬁ=—§x},{? (94)

Remark. In this Section we need only the inequality (92). The
second inequality (94) is necessary to complete the proof of Theorem 2 in
Section 5.



Moment Inequalities for Boltzmann Equation 1207

Proof. Changing variables in (91) we obtain

d
0 =[0H] % ST+ yl1+by]>C (95)

We note that there exists a unique number y, >0, such that
yall+Byi]=C

If y<y,, then y,>0. Therefore y(¢) > y(0) for all >0 if ¥(0)< y,.
Moreover y(t) < y, in this case on a certain time-interval 0 <¢<t,, and

PO cfo dt, exp { - j {1 +By"(r)}}

>C [ diy expl —(1+by4)i—1,)]

=y*[1—exp<——g>], 0<t<t,. (96)

Vs

Let us prove that the inequality (96) holds for all ¢ = 0. It is obviously
true if y(¢r)<y, for all +>0; otherwise we can choose f,, such that
Wty)=y4. Then y(t)=y, for all t>1¢, since y,>0 for any y<y,.
However the inequality y(¢) > y, is even stronger than (96), therefore (96)
is valid for all ¢ > 0. This completes the proof (in terms of y(z)) for the case
y(0) < y,.

The second case y(0) > y, is almost trivial. In this case y(t) > y, for
all t>0 since y,=0 for any y < y,. Hence, the inequality (96) and the
estimate y(z)>min[ y(0), y,] are valid in the general case. To complete
the proof we need only to re-formulate the last inequalities in terms of
x(t) (95).

Thus, to obtain a desirable estimate z(t) <1 for a solution of (90) it
is sufficient to satisfy the following conditions (p =3/2,2,...):

0<z,<1, 0<zr<l (97)

where z¥ are defined by equations (see (90))

Fz¥, ozt p)+zf =407 120 ()11,
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We note that 4>0 is still a free parameter. To satisfy the second
inequality it is sufficient to choose 4 in such a way that

AA~<1—1/2P)>9>1+mapr, p=3/2,2,.

since Fi,=n/5 and F,<8 for p>2 if max(zf,..,z¥_,,)<1. Thus we
obtain a condition 4 <min[1, (4/9)**], A=¢/3 which guarantees that
z¥ <1 for all p >3/2. However ¢ <1 in (64) since

) 1
lv}l_rpwmfdwf(w) [v—W| =my=1.

Therefore to fulfill the second condition (97) it is sufficient to put
A=(q/27)*. (98)

The result can be formulated in the following way.

Lemma 6.4. Let my=1, m;=E,, m,(t) for p=3/2,2,. satisfy
inequalities (77), (78) with ¢ <1 for >0 and initial inequalities

m,(0) < (q/27)*? a®, p=13/22,.. (99)
for certain a> 0. Then the inequalities

m,(t) <(q/27)** a”, p=1,3/22,. (100)
hold for all ¢>0.

Proof. We reduce (77), (78) to (86), (87) by Lemma 6.2. Then we
apply Lemma 6.3 (92) to the first inequality for p =3/2. The constant A
satisfies equality (98). The condition (99) for p=1 and the estimate
A=(q/27)** < 1/2 guarantee that the constant a satisfies (89). Therefore
(100) is correct for p=3/2. By induction on p=2,.. we repeat the same
arguments and complete the proof.

Theorem 3 follows directly from Lemmas 6.1 and 6.4 since the condi-
tion (73) guarantees that there exists a >0 such that inequalities (99) are
satisfied. Then (100) shows that the integral (74) with 6, =a~! converges
for all 1> 0.

Remark. The function

(1) =3[sup 6,1,
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where the supremum is taken over all > 0 satisfying (74) for any fixed
t>0, is called the tail temperature. Its properties for Maxwell molecules
were studied in detail in ref. 1. It is also known'" that z(¢) is a monotoni-
cally non-decreasing function of ¢ for hard spheres and potentials with
compact support.

7. GENERALIZATIONS

The result of Section 6 can be generalized in different ways. First
we prove a simple inequality for the collision frequency and generalize
Theorem 3 to a wider class of initial conditions.

Lemma 7.1. If my(z) =1, then the collision frequency
W, 1) =afdwf(w, 1) v—w| (101)
in the Boltzmann Eq. (1) for hard spheres satisfies the inequality

w(v, 1) =772 u(y, 0). (102)

Proof. We note that y(z)= —z'? is obviously a convex function.
Therefore we obtain by the inequality (12) with 4 ,[ —z'?] for hard
spheres (16) the following lower estimate for m, ,(¢):

1dm‘/2>J‘a’va’wf(v t) flw, 1) lv——wl{ 1/v2+w2—%(v+w)}

Using obvious inequalities

[v—w| /P +w?>(v—w)? [v—w| (v+w)<(v+w)?

we get a simple expression

2
Zmom, — Tmy,, mog=1, m,=E,.

Noting then (m,;,), is always non-negative for mf/2<E0/7 one can
easily conclude that

m () = min{m,/z(O), (E/7)1/2}
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Moreover E > mf/z (a special case of (66)), therefore we obtain an estimate
1
my (1) Zﬁml/z(o) (103)

The collision frequency w(v,¢) in the Boltzmann Eq.(1) for hard
spheres reads

w(v, 1) =afdwf(w+v, t) |w|.

We note that for any fixed v, € R? the function f(v + v, t) satisfies the
same Boltzmann equation (1) with initial condition f|,_q,=fo(v+v,).
Therefore the inequality (102) follows directly from (103).

Corollary. The entropy assumption (73) in Theorem 3 can be
replaced by a weaker assumption

[ awfow) lv—wi> o 1v

then all above obtained estimates are valid for g=7""7>

(77)-(100).

It is clear that estimates similar to (102) can be proved for a wide class
of potentials with compact support by using the inequality (56). Unfor-
tunately this inequality is not enough for a similar proof of Theorem 3 in
the general case. However a weaker result can be easily obtained.

¢ in formulas

Theorem 4. Let f(v, ¢) be a solution of the Boltzmann Eq. (1) for
the potential with compact support. If the initial condition f(v) satisfies
the inequality

fav fi(v) e” < oo

for a certain 6> 0, then there exist 0 <, <6 and «>0, such that for all
t>0

J dv f(v, 1) exp[ 0, e ~*p*] < c0. (104)

Proof. The proof is based on the simplest estimate of A[z”] in (6).
Noting that

UI2p+w’2p<(UIZ+wIZ)p’ U’2+W’2=UZ+W2
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for p>1 and therefore
Ur2p + wl2p < (U2 + w2)p,
we immediately obtain from (5)—(6) the inequality

d—;"— jdvdwf(v 1) flw, £) u[ (0> + )P —v?P —w?], p=1 (105)

where o =const (46) for potentials with compact support.

Then we repeat the first steps of the proof to Theorem 3 almost with-
out any changes. The only difference is that we substitute the estimate (12),
(16) for hard spheres by the simplest inequality (105). Following the proof
of Lemma 6.1 we obtain in general case not the inequalities (77), (78), but
weaker estimates

1dm

n—1 n
o dt < Z <k>ml+l/2mnk3
k=1

1 dmn+ am, ;12
a

<2 Z < >mk+lmnk+ml/2mn+1/2+mlmn‘

Then we use the same substitution (82) with 4 =1 and repeat the
proof of Lemma 6.2. Tt results in inequalities

dz,
n—k)

Isk<n

dzn+l/2

dr

(4
5(2’1"’3)(1— nl) max (Zk+lzn %)

T 1 E
+§len+§<1+ 0> Zpy1/25 n=1,2,...

which replace inequalities (86), (87). Then we again use an assumption
(88) (it is sufficient to choose a <ﬁ/2E0) and replace (90) by a simpler
inequality

ds dZ/
dp<4(p+1)1<122)ép (ZkZworsr1) 2 P=25/20s d‘352<4

23/2.

(106)
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We assume that the constant a in (82) (with 4 = 1) is chosen in such a way
that

m(0)<I(p+12)a", p=1,3/2,. (107)

then z,(0) <1 in (106). A standard estimate for z;,(7) (106) results in

zp(r) <€’ [23/2(0)4-%(1 —e')] sexp[<1 +%> T] :

For p >2 we put
1 i1
z,(t) = y,(1) exp l:/i’ <p~5> ‘c], =1 +Z’

then

) 1
Yrc4(p+1) max (yky"*k“”)"[ﬁ(pﬁ)_l]y”’

1<k<[p]

We note that

y(O)<L,  yi(r) <1, yap(r)<1
and choose f=9. Then 4(p+1) <p(p—1/2)—1 for all p>2. Therefore
v (1)< y,0)<1, p=173/2,.
Hence, inequalities
m(t)=I(p+1/2) a®z,(v) < (p+1/2) a? X7~ 112!
=9 ./a, p=1,3/2,.

are valid for any 7> 0 if they are valid at t=0. To complete the proof we

use the formula (75) and conclude that inequality (105) is fulfilled with
a=9¢ \/c—z and 6, = a~', where a is chosen in such a way that

m(0)<T(p+12)a’s p=1,3/2,.

Remark 1. Theorem 4 can be considered as an a priori estimate
which shows that there exists a global solution of the Cauchy problem
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for the spatially homogeneous Boltzmann equation (with potentials with
compact support) in the class of distribution functions with Maxwellian
tails. This class is defined by the only condition: there exists such number
6> 0 that

fdvf(v) exp(fv?) < 0o

Remark 2. It is clear that the results of Sections 6-7 can be also
formulated in the following way: if there exist positive constants 4 and B
such that m,(0) are less than corresponding moments of the Maxwellian
A exp(— Bv?), then there exist a constant 4, >0 and a function B,(¢) >0,
such that m () are bounded by corresponding moments of the Maxwellian
A, exp[ — B,(t) v*] for any t> 0. Moreover, B,(t) = B,(0) = const for hard
spheres, and B,(t) = B,(0) exp( —at) for a general potential with compact
support. Constants B,(0) and a depend only on the total cross section ¢
and initial condition f(v).
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